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Abstract
Using the gauge-invariant but path-dependent variables formalism, we examine the
effect of the space-time dimensionality on a physical observable in the unparticle
scenario. We explicitly show that long-range forces between particles mediated by
unparticles are still present whenever we go over into lower dimensions.
The physical consequences of nontrivial scale invariance in high-energy inter-
actions have been extensively discussed at the present time [1,2,3,4,5], [6,7,8,9],
[10,11,12,13,14]. As is well known, the interest in studying this new scale in-
variant sector is mainly due to the possibility of obtaining unusual properties
of matter with non-trivial scale invariance occurring in the infrared regime [15].
This new sector has been called as the unparticle sector [16,17]. We further
note that recently a novel way to describe unparticles has been considered
[18]. The crucial ingredient of this development is to introduce continuous
mass spectrum objects, which permits to interpret unparticle as a field with
continuously distributed mass.
In this context it may be recalled that one of the most interesting of the phe-
nomena predicted by unparticle physics is the existence of long-range forces be-
tween particles mediated by unparticles [2,19]. More specifically, it was shown
that the corresponding modified Coulomb potential may be written as
V =
(
− q
2
4π
)
1
L

1 + 2
π2dU−1
Γ
(
dU + 1/2
)
Γ
(
dU − 1/2
)
Γ (2dU)
(
l
L
)2dU−2 , (1)
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where l is a scale factor, given by l =
(
2
1
2dU−2ΛU
)−1
. Here dU is a non-integral
scale dimension of the unparticle field, and ΛU defines a critical energy scale
where the standard model particles can interact with unparticles. We further
note that a different method for arriving at the same static potential profile
(1), based on the gauge-invariant but path-dependent variables formalism,
was also developed in [20]. An important feature of this methodology is that
it provides a physically-based alternative to the usual Wilson loop approach. It
is interesting to observe that from expression (1), when dU = 0, the Coulomb
potential correction became linear leading to the confinement of static charges.
It should, however, be noted that the dU = 0 case is not allowed because
the gamma function is not analytic for this case. It is worth mentioning at
this stage that a range for dU of 1 < dU ≤ 2 has been considered in the
literature. In this connection it becomes of interest, in particular, to recall
that for dU < 1 there is a nonintegrable singularity in the differential decay
rate into unparticles as EU −→ 0 [16]. As was observed by Georgi [16], this
is in accord with a theorem due to Mack [21] where it is shown that in an
unitary theory fields with dU < 1 are not allowed. Thus, from a physical point
of view, the above remark (dU = 0 case) on the static potential (1) may be
considered as another manifestation of the arguments claimed in [16]. Here
it is important to emphasize that the foregoing observations are restricted
to three space dimensions only, and it naturally raises the question of its
generalization in lower dimensions. In fact, it is not quite evident that the
same phenomenon will be repeated in two and one space dimensions. The
present work specifically deals with this problem, where we examine the effect
of the space-time dimensionality of the problem under consideration on a
physical observable.
It is worth recalling at this point that two-dimensional models have been an
extraordinary theoretical laboratory to test ideas in quantum field theory.
Of particular interest are non-perturbative issues like confinement and spec-
trum of models. Of these, the Schwinger model [22] has probably enjoyed the
greatest popularity due to several features that it possesses. For example, the
spectrum contains a massive mode, the charge is screened and confinement is
satisfactorily addressed [23,24]. We further note that recently the unparticle
stuff in one space dimension has been studied [26]. In particular it was consid-
ered the Sommerfield model [27], that is, the exactly soluble two-dimensional
theory of a massless fermion coupled to a massive vector boson. Notice that
this model is the Schwinger model with an additional mass term for the vec-
tor boson. As was explained in [26], the Sommerfield model is an interesting
analog of a Banks- Zaks model [15], approaching a free theory at high energies
and a scale invariant theory with non-trivial anomalous dimensions at low
energies. It is worth recalling at this stage that Banks and Zaks investigated
the unusual properties of matter with non-trivial scale invariance in infra-red
regime. Interestingly, this new kind of stuff has no definite mass at all. As
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mentioned before, this new sector has been called as the unparticle sector
[16,17]. The above remark opens up the way to a stimulating discussion on
the existence of long-range forces between particles mediated by unparticles
in the two-dimensional case. On the other hand, also it is important to recall
here that three-dimensional theories have been studied by various authors in
the last few years [28,29,30]. As is well known, they are interesting because
of its connection to the high-temperature limit of four-dimensional theories
[31,32,33] as well as for their applications to condensed matter physics [34].
Thus, as already mentioned, the main purpose here is to examine the effects
of the space-time dimensionality on a physical observable for the three and
two-dimensional cases. To do this, we will work out the static potential for the
theories under consideration by using the gauge-invariant but path-dependent
variables formalism along the lines of Ref. [20]. As a result, there are two
generic features that are common in the four-dimensional case and its lower
dimensional extensions studied here. First one, the existence of long-range
forces between particles mediated by unparticles. The second point is related
to that in an unitary theory fields with dU < 1 are not allowed.
We turn now to the problem of obtaining the interaction energy between static
point-like sources for the lower dimensional extensions under consideration. To
do this, we shall compute the expectation value of the energy operator H in
the physical state |Φ〉 describing the sources, which we will denote by 〈H〉Φ.
In order to introduce some notation for our subsequent work we start from
the four-dimensional space-time Lagrangian density [18]:
L =
N∑
k=1
[
− 1
4e2k
F kµνF kµν +
m2k
2e2k
(
Akµ − ∂µϕk
)2]
, (2)
where mk is the mass for the k−th scalar field. Following our earlier procedure
[20], to compute the interaction energy we need to carry out the integration
over the ϕ-fields. Once this is done, we arrive at the following effective theory
for the gauge fields:
L(3+1)eff =
N∑
k=1
1
e2k
[
−1
4
F kµν
(
1 +
m2k
∆(3+1)
)
F kµν
]
. (3)
Next, in order to obtain the corresponding effective Lagrangian density in
(2 + 1) dimensions, we compactify one spacelike dimension by using a sort of
Kaluza-Klein approach [35]. It follows that the expression (3) can be rewritten
as
LKKeff =
N∑
k=1
∞∑
n=0
1
e2k
[
−1
4
F kµν
(
1 +
m2k
∆(2+1) + a2n
)
F kµν
]
, (4)
with a2n ≡ n
2
/R2 , and R is the compactification radius. In the limit R→∞ the
difference between nearby energy levels vanish and the 3+1 dimensional con-
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tinuum spectrum is recovered. In the opposite case, R→ 0, the massive modes
becomes more and more heavy and decouple from the physical spectrum. The
only surviving mode corresponds to n = 0 and describes the dimensionally
reduced model in 2 + 1 dimensions. With this at hand, we can now compute
the interaction energy for a single mode in Eq. (4). The canonical Hamiltonian
can be worked as usual and is given by
HC =
∫
d2x

−12Πi
(
1 +
m2k
∆+ a2n
)−1
Πi +Π
i∂iA0 +
1
4
Fij
(
1 +
m2k
∆+ a2n
)
F ij

 ,
(5)
where Πi = −
(
1 +
m2
k
∆+a2n
)
F k0i are the canonical momenta. Here, we have
simplified our notation by setting ∆(2+1) ≡ ∆.
Following our earlier discussion [20], the resulting static potential for two
opposite charges located at y and y′ takes the form:
V =
N∑
k=1
∞∑
n=0
1
e2k
{
− q
2
2π
K0 (Mk,nL) +
q2a2n
4Mk,n
L
}
, (6)
where M2k,n ≡ m2k + a2n, L ≡ |y − y′| and K0 (Mk,nL) is a modified Bessel
function.
In Eq.(6) the first terms is the one which will account for the “un-particle”
corrections, while the second one is the “Coulombic interaction” in 2 + 1 di-
mensions. It is worth to remark contrary to expectation it is not a logarithmic
potential, rather we find that massive KK-modes produce a linear term. This
difference can be traced back to the different definition of static potential.
Instead of using the standard one, we use the gauge invariant/path-dependent
approach developed in [24,25]. However, the sum over n is ill-defined as it
is linearly divergent. The “string-tension” σk for each field is given by the
divergent sum
σk =
q2
4
1
R
∞∑
n=0
n2√
n2 +m2kR
2
. (7)
and needs some regularization prescription. It follows that this part of the re-
sult is necessarily ambiguous and cannot be taken too seriously as a candidate
to a confinement potential. As an example, one can see that in the decoupling
limit mkR << 1, zeta-function regularization gives a negative string tension.
Since our main motivation is to compute the correction to the static potential
for the three-dimensional case, we drop out this term and consider the zero
mode only. Thus, it follows that
Vn=0 = − q
2
2π
N∑
k=1
1
e2k
K0
(√
m2kL
)
. (8)
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Before switching-on un-particle effects, we introduce a further simplification
by assuming that the test charges are at distance L > 1/mk for any k. As we
are looking for long-range forces this is a fairly reasonable choice. In this case,
the Bessel function can be approximated with exp(−
√
m2kL) and the static
potential (8) may be written as
Vn=0 ≃ − q
2
2π
N∑
k=1
1
e2k
e−mkL. (9)
Now we are ready to include unparticle effects in the potential (9). By following
[18] and [20], we go into the continuum mass spectrum limit, N → ∞, and
replace the sum over k by an integral
Vn=0 → VU =
(
− q
2
2πe2
)
AdU
Λ2dU−2U
∫ ∞
0
tdU−2e−
√
tLdt, (10)
where t = m2k, ρ ( t ) ≡ tdU−2 is the spectral density, and AdU is a normalization
factor which is given by
AdU ≡
16π5/2
( 2π )2dU
Γ
(
dU + 1/2
)
Γ (dU − 1) Γ (2dU) , (11)
where dU is the scale dimension of the unparticle field. We also note here that
in Eq. (10) we have assumed e2 = e2k. A direct computation on the t-variable
yield
VU =
(
− q
2
2πe2l
)
AdU
√
2πΓ
(
2dU − 5/2
)( l
L
)2dU−2
. (12)
Using (11), we see that VU reads
VU =
(
− q
2
2πe2l
)
1
(π)2dU−3
1
(2)2dU−9/2
Γ (dU + 1/2) Γ (2dU − 5/2)
Γ (dU − 1) Γ (2dU)
(
l
L
)2dU−2
,
(13)
where we have introduced the scale factor l ≡ 1
ΛU
. It may be noted that for
dU =
1
2
, expression (13) reduces to
VU =
(
q2
2πe2l
)
π229/2
3l
L. (14)
From this, one infers the key role played by the scale dimension (dU) in trans-
forming the long-range potential into the confining one. In this way, for the
three-dimensional case, unparticles with dU < 1 would be allowed. However,
by unitarity considerations the obstruction for unparticles (dU < 1) present
in the four-dimensional case is still present whenever we go over into three
dimensions.
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The (1+1)-dimensional case may be studied in the same way as we did in the
(2+1)- dimensional counterpart. In such a case, the theory under consideration
is given by
L =
N∑
k=1
∞∑
n,m=0
1
e2k
{
−1
4
F kµν
(
1 +
m2k
∆+ κ2n,m
)
F kµν
}
, (15)
where κ2n,m =
n2/R21
+m
2
/R22
. The situation here is analogous to that encoun-
tered in the Schwinger model [24]. This allows us to write the static potential
as
V =
N∑
k=1
∞∑
n,m=0
1
e2k
{
q2
2λ
(
1 +
κ2n,m
λ2
)(
1− e−λL
)
+
q2
2
κ2n,m
λ2
L
}
, (16)
where λ2 ≡ m2k+κ2n,m. Since we are interested in estimating the long-range cor-
rection to the static potential, we will retain only the zero mode contribution
in the expression (16). Thus the static potential simplifies to
V0,0 =
(
−q
2
2
)
N∑
k=1
1
e2k
e−
√
m2
k
L√
m2k
. (17)
Following our earlier procedure, we see that the unparticle potential corre-
sponding to (17) takes the form
VU =
(
− q
2
2e2l
)
π
5
2
−2dU
22dU−5
Γ
(
dU + 1/2
)
Γ (2dU − 3)
Γ (dU − 1) Γ (2dU)
(
l
L
)2dU−3
. (18)
Hence we see that for dU = 1, the potential has a linear dependence from the
distance L. However, the string tension has to evaluated carefully because of
the simple poles in the gamma functions for dU = 1. Thus, we define VU in
the limit dU → 1 as
lim
dU→1
VU = lim
ǫ→0
(
− q
2
2e2l
)
π
5
2
−2dU
22dU−5
Γ
(
dU + 1/2
)
Γ (2 + 2ǫ− 3)
Γ (1 + ǫ− 1) Γ (2dU)
(
l
L
)2dU−3
(19)
In the limit ǫ → 0 the poles in the two Gamma function cancel leading to a
finite result:
lim
ǫ→0
Γ (−1 + 2ǫ )
Γ ( ǫ )
= −1
2
. (20)
Thus, in 1 + 1 dimension we recover the correct confining potential
6
V dU=1U = σ L , σ =
2πq2
e2l2
. (21)
From the above result (18) it is meaningful to ask whether a similar thing
happens in the case of the Sommerfield model studied in [26]. The Sommerfield
model is a Lagrangian field theory which describes massless spinors interacting
with a massive vector boson, in 1 + 1 dimensions. The Lagrangian density
reads:
L = ψ¯ (i/∂ − e/A)ψ − 1
4
FµνF
µν +
m20
2
AµA
µ, (22)
where m0 is the mass for the vector boson Aµ. In [26] authors study the
transition between unparticle behavior at low energy and free particle behavior
at high energy from the vantage point of the exactly solvable model (22)
mimicking Banks-Zacks model in lower dimensions. Here, we are interested
to determine the interaction energy in the unparticle phase and the eventual
presence of a linear confining term.
Following our earlier adaptation of the Stueckelberg procedure [20], we first
restore gauge invariance by means of a suitable compensating field for the sake
of consistency with our gauge invariant definition of interaction potential.
Then, we integrate out both fermions and compensator field to obtain an
effective theory for the gauge vector Aµ. Once this is done, we arrive at the
following effective Lagrangian density:
L = −1
4
Fµν
(
1 +
m2
∆
)
F µν , (23)
where m2 = m20+
e2/π. As a consequence, the static potential is given by [24]:
V =
(
−q
2
2
)
e−mL
m
. (24)
Again, by considering unparticle as a field with continuously distributed mass,
we can write Eq. (24) as
V =
(
−q
2
2
)
N∑
k=1
e−
√
m2
k
L√
m2k
. (25)
In the same way as was done in the previous case, one finds
VU =
(
−q
2
2
)
AdUΓ (2dU − 3) 2l
(
l
L
)2dU−3
. (26)
in agreement with Eq. (18). In this way, both the Proca-Maxwell and the Som-
merfield model with continuously distributed mass leads to the same static
7
potential.
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